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FINITARY GROUP COHOMOLOGY AND GROUP
ACTIONS ON SPHERES
MARTIN HAMILTON
Abstrat. We show that if G is an innitely generated loally
(polyyli-by-nite) group with ohomology almost everywhere
nitary, then every nite subgroup of G ats freely and orthogo-
nally on some sphere.
1. Introdution
In [3℄ the question of whih loally (polyyli-by-nite) groups have
ohomology almost everywhere nitary was onsidered. Reall that a
funtor is nitary if it preserves ltered olimits (see 6.5 in [7℄; also
3.18 in [1℄). The nth ohomology of a group G is a funtor Hn(G,−)
from the ategory of ZG-modules to the ategory of abelian groups.
If G is a loally (polyyli-by-nite) group, then Theorem 2.1 in [5℄
shows that the nitary set
F (G) := {n ∈ N : Hn(G,−) is nitary}
is either onite or nite. If F (G) is onite, we say that G has
ohomology almost everywhere nitary, and if F (G) is nite, we say
that G has ohomology almost everywhere innitary.
We proved the following results about loally (polyyli-by-nite)
groups with ohomology almost everywhere nitary in [3℄:
Theorem 1.1. Let G be a loally (polyyli-by-nite) group. Then G
has ohomology almost everywhere nitary if and only if G has nite
virtual ohomologial dimension and the normalizer of every non-trivial
nite subgroup is nitely generated.
Corollary 1.2. Let G be a loally (polyyli-by-nite) group with o-
homology almost everywhere nitary. Then every subgroup of G also
has ohomology almost everywhere nitary.
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Reall (see, for example, [10℄) that a nite group ats freely and
orthogonally on some sphere if and only if every subgroup of order pq,
where p and q are prime, is yli. In this paper, we prove the following
result:
Theorem A. Let G be an innitely generated loally (polyyli-by-
nite) group with ohomology almost everywhere nitary. Then every
nite subgroup of G ats freely and orthogonally on some sphere.
Note that we annot remove the "innitely generated" restrition;
as, for example, every nite group is of type FP∞ and so has nth
ohomology funtors nitary for all n, by a result of Brown (Corollary
to Theorem 1 in [2℄).
1.1. Aknowledgements. I would like to thank my researh supervi-
sor Peter Kropholler for all the help he has given me with this paper.
I would also like to thank Frank Quinn for suggesting that a result like
Theorem A should be true.
2. Proof
The following Proposition sets the sene for proving Theorem A:
Proposition 2.1. Let G be a loally (polyyli-by-nite) group with
ohomology almost everywhere nitary. Then G has a harateristi
subgroup S of nite index, suh that S is torsion-free soluble of nite
Hirsh length.
Proof. By Theorem 2.1 in [5℄ we know that there is a nite-dimensional
ontratible G-CW-omplex X on whih G ats with nite isotropy
groups, and that there is a bound on the orders of the nite subgroups
of G.
We know that the rational ohomologial dimension of G is bounded
above by the dimension of X (see, for example, [6℄), so G has nite
rational ohomologial dimension. Reall that the lass of elementary
amenable groups is the lass generated from the nite groups and Z
by the operations of extension and inreasing union (see, for example,
[4℄), so G is elementary amenable. Aording to [4℄, the Hirsh length
of an elementary amenable group is bounded above by its rational
ohomologial dimension, so G has nite Hirsh length.
Let τ(G) denote the join of the loally nite normal subgroups of
G. As there is a bound on the orders of the nite subgroups of G, this
implies that τ(G) is nite. Replaing G with G/τ(G), we may assume
that τ(G) = 1.
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Now G is an elementary amenable group of nite Hirsh length, so it
follows from a minor extension of a theorem by Mal'ev (see Wehrfritz's
paper [12℄) that G/τ(G) = G has a poly (torsion-free abelian) hara-
teristi subgroup of nite index.

Before proving Theorem A, we need four Lemmas:
Lemma 2.2. Let Q be a non-yli group of order pq, where p and q
are prime, and let A be a Z-torsion-free ZQ-module suh that the group
A ⋊ Q has ohomology almost everywhere nitary. Then A is nitely
generated.
Proof. We write G := A⋊Q.
For any K ≤ Q we write K̂ for the element of ZQ given by
K̂ :=
∑
k∈K
k.
Notie that K̂.A is ontained in the set of K-invariant elements AK of
A.
There are two ases to onsider:
If Q is abelian, then p = q and Q has p+ 1 subgroups E0, . . . , Ep of
order p. We have the following equation in ZQ:
p∑
i=0
Êi = Q̂ + p.1,
so it follows that for any a ∈ A
p.a =
p∑
i=0
Êi.a− Q̂.a ∈
p∑
i=0
AEi + AQ
and hene
p.A ⊆
p∑
i=0
AEi + AQ.
If K is non-trivial, then it follows from Theorem 1.1 that NG(K) is
nitely generated. Then, as AK ≤ NG(K), it follows that A
K
is also
nitely generated. Hene we see that p.A is nitely generated, and as
A is torsion-free, we onlude that A is nitely generated.
If Q is non-abelian, then p 6= q, and without loss of generality we
may assume that p < q. Then Q has one subgroup F of order q and q
subgroups H0, . . . , Hq−1 of order p. We have the following equation in
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ZQ:
q−1∑
i=0
Ĥi + F̂ = Q̂+ q.1
and the proof ontinues as above. 
Reall (see, for example, 10.4 in [8℄) that a group G is upper-nite
if and only if every nitely generated homomorphi image of G is -
nite. The lass of upper-nite groups is losed under extensions and
homomorphi images. Also reall (see 10.4 in [8℄) that the upper-nite
radial of a group G is the subgroup generated by all of its upper-nite
normal subgroups, and is itself upper-nite.
Lemma 2.3. Let A and B be abelian groups. If A is upper-nite, then
A⊗B is upper-nite.
Proof. If b ∈ B, then A ⊗ b is a homomorphi image of A and hene
is upper-nite. Then as A ⊗ B is generated by all the A ⊗ b it is also
upper-nite. 
Lemma 2.4. Let G be an upper-nite nilpotent group. Then its derived
subgroup G′ is also upper-nite.
Proof. As G is upper-nite, it follows that G/G′ is also upper-nite.
As G is a nilpotent group, it has a nite lower entral series
G = γ1(G) ≥ γ2(G) ≥ · · · ≥ γk(G) = 1,
where γ2(G) = G
′
.
For eah i there is an epimorphism
G/G′ ⊗ · · · ⊗G/G′︸ ︷︷ ︸
i
։ γi(G)/γi+1(G),
and as G/G′ ⊗ · · · ⊗G/G′︸ ︷︷ ︸
i
is upper-nite, from Lemma 2.3, we see that
eah γi(G)/γi+1(G) is upper-nite. Then, as the lass of upper-nite
groups is losed under extensions, we onlude that G′ is also upper-
nite.

Lemma 2.5. Let G be a torsion-free nilpotent group of nite Hirsh
length. If the entre ζ(G) of G is nitely generated, then G is nitely
generated.
Proof. Let K be the upper-nite radial of G. As G is torsion-free
nilpotent of nite Hirsh length, it is a speial ase of Lemma 10.45 in
[8℄ that G/K is nitely generated. Suppose that K 6= 1.
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Following an argument of Robinson (Lemma 10.44 in [8℄) we see
that for eah g ∈ G, [K, g]K ′/K ′ is a homomorphi image of K, and
so is upper-nite, so therefore [K,G]/K ′ is upper-nite. Then, as K ′ is
upper-nite, from Lemma 2.4, we see that [K,G] is also upper-nite.
Similarly, we see by indution that [K,mG] = [K,G, . . . , G︸ ︷︷ ︸
m
] is upper-
nite.
Choose the largest m suh that [K,mG] 6= 1. Then [K,mG] ⊆ ζ(G),
so [K,mG] is nitely generated, and hene nite. Then, as G is torsion-
free, we see that [K,mG] = 1, whih is a ontradition. Therefore,
K = 1, and so G is nitely generated.

We an now prove Theorem A.
Proof of Theorem A. LetG be an innitely generated loally (polyyli-
by-nite) group with ohomology almost everywhere nitary. It follows
from Proposition 2.1 that G has a harateristi subgroup S of nite
index suh that S is torsion-free soluble of nite Hirsh length.
Suppose that not every subgroup of G ats freely and orthogonally
on some sphere, so there is a non-yli subgroup Q of order pq, where
p and q are prime.
As S is a torsion-free soluble group of nite Hirsh length, it is linear
over the rationals (see, for example, [11℄), so by a result of Gruenberg
(see Theorem 8.2 of [11℄) the Fitting subgroup F := Fitt(S) of S is
nilpotent. Now the entre ζ(F ) of F is a harateristi subgroup of G,
so we an onsider the group ζ(F )Q. It then follows from Corollary
1.2 that ζ(F )Q has ohomology almost everywhere nitary. Then, by
Lemma 2.2, we see that ζ(F ) is nitely generated. It then follows from
Lemma 2.5 that F is nitely generated.
Now, let K be the subgroup of S ontaining F suh that K/F =
τ(S/F ). As S is linear over Q, we see that S/F is also linear over
Q, and as loally nite Q-linear groups are nite (see, for example,
Theorem 9.33 in [11℄), we onlude that K/F is nite. An argument
of Zassenhaus in 15.1.2 of [9℄ shows that S/K is maximal abelian-by-
nite; that is, rystallographi. Hene S/F is nitely generated, so we
onlude that S is nitely generated, a ontradition.

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